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Abstract
Recently we have proved color octet NRQCD factorization of S-wave heavy quarkonium produc-
tion at all orders in coupling constant at high energy colliders in [1]. In this paper we extend this
to prove color octet NRQCD factorization of P-wave heavy quarkonium production at all orders
in coupling constant at high energy colliders. We find that while the color octet NRQCD S-wave
non-perturbative matrix element contains two gauge-links in the adjoint representation of SU(3),
the color octet NRQCD P-wave non-perturbative matrix element contains four gauge-links in the
fundamental representation of SU(3).
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I. INTRODUCTION
There has been lot of progress in the NRQCD heavy quarkonium production [1–3] to
explain the experimental data at the Tevatron [4] and at the LHC [5]. In the original
formulation of NRQCD [2] the proof of factorization of heavy quarkonium production at
the high energy colliders was missing. The factorization theorem plays an important role at
high energy colliders to study physical observables [1, 6–9].
In the original formulation of NRQCD heavy quarkonium production the non-
perturbative matrix element was given by [2]
OH =< Ω|η
†(0)Lnζ(0)a
†
HaHζ
†(0)L′nη(0)|Ω > (1)
which is not gauge invariant and is not consistent with the factorization of infrared (IR)
divergence [6] where η (ζ) is the two component spinor field that creates (annihilates) a heavy
quark, a†H is the creation operator of the heavy quarkonium and Ln contains factors such
as color matrix T a and derivative operators etc.. In eq. (1) the |Ω > is the full interacting
(non-perturbative) vacuum which is different from the perturbative vacuum |0 >.
The proof of NRQCD factorization of heavy quarkonium production at next-to-next lead-
ing order (NNLO) in coupling constant was given in [6] by using the diagrammatic approach
where it was found that the gauge links were needed in the non-perturbative matrix element
to make it gauge invariant and be consistent with the factorization of infrared (IR) diver-
gence. The gauge invariant definition of the color octet NRQCD S-wave non-perturbative
matrix element of heavy quarkonium production consistent with the factorization of infrared
divergence at NNLO in coupling constant is given by [6]
OH =< Ω|η
†(0)T aζ(0)Φ†adj(0)a
†
HaHΦadj(0)ζ
†(0)T aη(0)|Ω > (2)
where Φadj(x) is the light-like gauge link in the adjoint representation of SU(3) given by
Φadj(x) = Pe
−igT d
adj
∫
∞
0
dzl·Ad(x+lz), l2 = 0. (3)
Recently we have proved the color octet NRQCD factorization of S-wave heavy quarkonium
production at all orders in coupling constant at high energy colliders in [1] by using the path
integral formulation of QCD. We have found that the gauge invariant definition of the color
octet NRQCD non-perturbative matrix element of S-wave heavy quarkonium production
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consistent with the factorization of infrared divergence at all orders in coupling constant is
given by eq. (2) [1]. This confirms that the gauge invariant definition of the color octet
NRQCD S-wave non-perturbative matrix element in eq. (2) which was predicted by the
NNLO diagrammatic calculation of factorization of infrared divergence in [6] agrees with
the corresponding prediction from the factorization of infrared divergence at all orders in
coupling constant by using the path integral formulation [1].
In this paper we extend this to prove color octet NRQCD factorization of P-wave heavy
quarkonium production at all orders in coupling constant at high energy colliders. We find
that while the color octet NRQCD S-wave non-perturbative matrix element in eq. (2) con-
tains two gauge-links in the adjoint representation of SU(3), the color octet NRQCD P-wave
non-perturbative matrix element contains four gauge-links in the fundamental representation
of SU(3).
We find that the gauge invariant definition of the color octet NRQCD non-perturbative
matrix element of P-wave heavy quarkonium production consistent with the factorization of
infrared divergence at all orders in coupling constant is given by
OH =< Ω|η
†(0)Φ(0)∇T aΦ†(0)ζ(0)a†H · aHζ
†(0)Φ(0)T a∇Φ†(0)η(0)|Ω > (4)
where Φ(x) is the light-like gauge link in the fundamental representation of SU(3) given by
Φ(x) = Pe−igT
d
∫
∞
0
dzl·Ad(x+lz), l2 = 0 (5)
and ∇ is defined by
η∇ζ = η(~∇ζ)− (~∇η)ζ. (6)
We find that the gauge invariant definition of the color octet NRQCD non-perturbative
matrix element of P-wave heavy quarkonium production consistent with the factorization
of infrared divergence at all orders in coupling constant in eq. (4) is independent of the
light-like vector lµ used to define the light-like gauge link Φ(x) in eq. (5).
We will provide a proof of eq. (4) in this paper.
The paper is organized as follows. In section II we discuss the infrared divergence in
quantum field theory and the light-like eikonal line. In section III we prove color octet
NRQCD factorization of P-wave heavy quarkonium production at all orders in coupling
constant. In section IV we derive the gauge invariant definition of the color octet NRQCD
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non-perturbative matrix element of P-wave heavy quarkonium production consistent with
the factorization of infrared divergence at all orders in coupling constant. Section V contains
conclusions.
II. INFRARED DIVERGENCE IN QUANTUM FIELD THEORY AND THE
LIGHT-LIKE EIKONAL LINE
In this section we will discuss the infrared (IR) divergence in quantum field theory and
the light-like eikonal line. For simplicity we will consider the QED situation first before
considering the QCD situation. We will focus on the infrared divergence arising due to the
photon interaction with the light-like eikonal line. We will show that the infrared divergences
due to the photon interaction with the light-like eikonal line in the eikonal approximation can
be described by the pure gauge field. This enormously simplifies the study of factorization
of infrared divergences due to the presence of light-like eikonal line in the quantum field
theory at all orders in coupling constant.
Infrared divergence in QED occurs in the real photon emission from a single electron
(or from single positron) and in the virtual photon exchange between electron-electron (or
electron-positron or positron-positron) pair.
A. Real Photon Emission From Single Electron and The Infrared Divergence
For a real photon of momentum kν emitted from the electron of momentum kν1 the
Feynman diagram contribution is given by
A =
1
6 k1 − 6 k −me
6 ǫ(k)u(k1) (7)
which can be written as
A = Aeik +Anon−eik (8)
where
Aeik = −
k1 · ǫ(k)
k1 · k
u(k1), Anon−eik =
6 k 6 ǫ(k)
2k1 · k
u(k1). (9)
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Decomposing the photon field ǫν as sum of pure gauge field ǫ
pure−gauge
ν plus the physical field
ǫphysicalν we write ǫν = ǫ
physical
ν + ǫ
pure−gauge
ν where [10]
ǫphysicalν = ǫν − kν
k1 · ǫ(k)
k1 · k
, ǫpure−gaugeν = kν
k1 · ǫ(k)
k1 · k
. (10)
Using eq. (10) in (9) we find in the infrared limit (in the limit k → 0)
Aphysicaleik = 0, A
pure−gauge
non−eik = 0, A
physical
non−eik = finite, A
pure−gauge
eik →∞.
(11)
From eq. (11) we find that if the photon field is the pure gauge field then the infrared
divergence in the quantum field theory can be studied by using the eikonal approximation
without modifying the finite part of the cross section.
Since the light-like eikonal line produces pure gauge field in quantum field theory, see
subsection IIC, we find that the factorization of the infrared divergence in quantum field
theory due to the presence of the light-like eikonal line is enormously simplified by using the
pure gauge field.
B. Virtual Photon Exchange Between Electron-Electron Pair and The Infrared
Divergence
In the previous subsection we have considered the situation where the photon interacts
with the single electron. In this subsection we will consider the situation where the photon
interacts with more than one electron. Note that when the photon interacts with the single
electron then that photon is the real photon but when the photon interacts with more than
one electron then that photon is the virtual photon.
Let the momenta of two electrons be kν1 and k
ν
2 and the momentum of the virtual photon
be kν . Similar to the real photon case in eq. (10) the propagator Dµν(k) of the virtual
photon can be written as Dνλ(k) =
gνλ
k2
= Dphysicalνλ (k) +D
pure−gauge
νλ (k) where [10]
D
physical
νλ (k) =
1
k2
[gνλ −
k1 · k2
(k1 · k)(k2 · k)
kνkλ], D
pure−gauge
νλ (k) =
k1 · k2
(k1 · k)(k2 · k)
kνkλ
k2
.
(12)
The eikonal Feynman rule for the infrared divergence due to the virtual photon exchange
between two electrons is given by (see eq. (4.12) of [9])
kν1
k1 · k
Dνλ(k)
kλ2
k2 · k
. (13)
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Using eq. (12) in (13) we find in the infrared limit (in the limit k → 0)
kν1
k1 · k
D
physical
νλ (k)
kλ2
k2 · k
= 0,
kν1
k1 · k
D
pure−gauge
νλ (k)
kλ2
k2 · k
→∞. (14)
Similar to the real photon case in the previous subsection we find from eq. (14) that for
the photon interacting with more than one electron the infrared divergence in quantum field
theory can be studied by using the eikonal approximation by using the pure gauge field.
Since the light-like eikonal line produces pure gauge field in quantum field theory, see
subsection IIC, we find that the factorization of the infrared divergence in quantum field
theory due to the presence of the light-like eikonal line is enormously simplified by using the
pure gauge field.
C. Light-Like Eikonal Line and The Pure Gauge Field
In the classical mechanics the light like charge produces pure gauge field at every space-
time point except at the position perpendicular to the direction of motion of the charge at
the time of closest approach [7, 11, 12]. This property is also true in quantum field theory
which can be seen as follows.
By using the path integral formulation of the quantum field theory we find that the
effective lagrangian density L(x) of the photon field in the presence of light-like eikonal line
is given by [1]
L(x) = 0, l · x = 0. (15)
Similarly by using the path integral formulation of the quantum field theory we find that
the effective interaction lagrangian density Lint(x) of the photon field in the presence of
(light-like or non light-like) non-eikonal line of four velocity vν and the light-like eikonal line
is given by [1]
L(x) = 0, v · x = 0, l · x = 0. (16)
Hence from eqs. (15) and (16) we find that the light like eikonal line produces pure gauge
field at every space-time point except at the position perpendicular to the direction of motion
of the eikonal line at the time of closest approach which agrees with the corresponding result
in the classical mechanics [7, 11, 12].
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III. PROOF OF COLOR OCTET NRQCD FACTORIZATION OF P-WAVE
HEAVY QUARKONIUM PRODUCTION AT ALL ORDERS IN COUPLING CON-
STANT
In this section we will prove the color octet NRQCD factorization of P-wave heavy quarko-
nium production at all orders in coupling constant at high energy colliders. In NRQCD an
ultra violet cut-off ∼M is introduced because of which the ultra violet behavior in NRQCD
is different from the ultra violet behavior in QCD. However, the infrared (IR) behavior in
NRQCD and the infrared behavior in QCD remains same. Hence the proof of the factor-
ization of infrared divergence in a specific process in NRQCD is same in QCD. To prove
factorization of infrared divergence at all orders in coupling constant it is useful to consider
the path integral formulation of QCD.
In the path integral formulation of QCD the non-perturbative correlation function of the
type < Ω|Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z)|Ω > is given by [13, 14]
< Ω|Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z)|Ω >=
∫
[dQ][dψ¯1][dψ1][dψ¯2][dψ2][dψ¯3][dψ3][dΨ¯][dΨ]
×Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z) det[
δ∂λQhλ
δωc
] exp[i
∫
d4x[−
1
4
F sνσ[Q(x)]F
νσs[Q(x)]
−
1
2α
[∂σQsσ(x)]
2 + ψ¯1(x)[i6 ∂ −m1 + gT
s 6 Qs(x)]ψ1(x) + ψ¯2(x)[i6 ∂ −m2 + gT
s 6 Qs(x)]ψ2(x)
+ψ¯3(x)[i6 ∂ −m3 + gT
s 6 Qs(x)]ψ3(x) + Ψ¯(x)[i6 ∂ −M + gT
s 6 Qs(x)]Ψ(x)]] (17)
where Qsσ(x) is the (quantum) gluon field, the operator∇ is defined in eq. (6), the parameter
α is the gauge fixing parameter, Ψ is the heavy quark field with heavy quark mass M , the
field ψk is the light quark field with light quark mass mk where 1, 2, 3 = u, d, s are the up,
down, strange quark and
F sνσ[Q(x)] = ∂νQ
s
σ(x)− ∂σQ
s
ν(x) + gf
sdcQdν(x)Q
c
σ(x). (18)
Note that there is no ghost field in eq. (17) because we directly work with the ghost
determinant det[
δ∂λQh
λ
δωc
] in this paper.
We have seen in the last section that the infrared divergence in the quantum field theory
due to the presence of light-like eikonal line can be studied by using the pure gauge field.
In QCD the pure gauge background field Asσ(x) to describe the infrared divergences due to
the presence of light-like eikonal line is given by [1]
igT sAsσ(x) = [∂σΦ(x)]Φ
−1(x) (19)
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where the light-like gauge link Φ(x), see eq. (5), is given by [15]
Φ(x) = eigT
sωs(x) = Pe−igT
d
∫
∞
0
dzl·Ad(x+lz), l2 = 0. (20)
In the path integral formulation of the background field method of QCD the non-
perturbative correlation function of the type < Ω|Ψ¯(y)∇yT
aΨ(y)a†H ·aHΨ¯(z)T
a∇zΨ(z)|Ω >A
is given by [14]
< Ω|Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z)|Ω >A=
∫
[dQ][dψ¯1][dψ1][dψ¯2][dψ2][dψ¯3][dψ3][dΨ¯][dΨ]
×Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z) det[
δBh
δωc
]
×exp[i
∫
d4x[−
1
4
F sνσ[Q(x) + A(x)]F
νσs[Q(x) + A(x)]−
1
2α
[Bs(x)]2
+ψ¯1(x)[i6 ∂ −m1 + gT
s( 6 Qs(x) + 6 As(x))]ψ1(x) + ψ¯2(x)[i6 ∂ −m2 + gT
s( 6 Qs(x) + 6 As(x))]ψ2(x)
+ψ¯3(x)[i6 ∂ −m3 + gT
s( 6 Qs(x) + 6 As(x))]ψ3(x) + Ψ¯(x)[i6 ∂ −M + gT
s( 6 Qs(x) + 6 As(x))]Ψ(x)]]
(21)
where the (infinitesimal) type-I gauge transformation is given by [14, 16, 17]
A′sσ (x) = A
s
σ(x) + gf
sdcAdσ(x)ω
c(x) + ∂σω
s(x), Q′sσ (x) = Q
s
σ(x) + gf
sdcQdσ(x)ω
c(x)
(22)
and the gauge fixing term Bs(x) in the background field method of QCD is given by [14]
Bs(x) = ∂σQsσ(x) + gf
sdcAdσ(x)Q
σc(x). (23)
Similar to eq. (17) there is no ghost field in eq. (21) because we directly work with the
ghost determinant det[ δB
h
δωc
] in this paper.
Under gauge transformation the quark field transforms as
ψ′k(x) = e
igT sωs(x)ψk(x) = Φ(x)ψk(x), Ψ
′(x) = eigT
sωs(x)Ψ(x) = Φ(x)Ψ(x) (24)
where the light-like gauge link Φ(x) is given by eq. (20).
By changing the integration variable Qsσ → Q
s
σ −A
s
σ in eq. (21) we find
< Ω|Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z)|Ω >A=
∫
[dQ][dψ¯1][dψ1][dψ¯2][dψ2][dψ¯3][dψ3][dΨ¯][dΨ]
×Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z) det[
δBhf [Q]
δωc
]exp[i
∫
d4x[−
1
4
F sνσ[Q(x)]F
νσs[Q(x)]
−
1
2α
[Bsf [Q(x)]
2 + ψ¯1(x)[i6 ∂ −m1 + gT
s 6 Qs(x)]ψ1(x) + ψ¯2(x)[i6 ∂ −m2 + gT
s 6 Qs(x)]ψ2(x)
+ψ¯3(x)[i6 ∂ −m3 + gT
s 6 Qs(x)]ψ3(x) + Ψ¯(x)[i6 ∂ −M + gT
s 6 Qs(x)]Ψ(x)]] (25)
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where
Bsf [Q(x)] = ∂
σQsσ(x) + gf
sdcAdσ(x)Q
σc(x)− ∂σAsσ(x) (26)
and the Q′sσ (x) in eq. (22) becomes
Q′sσ (x) = Q
s
σ(x) + gf
sdcQdσ(x)ω
c(x) + ∂σω
s(x). (27)
When the background field Asσ(x) is the pure gauge background field as given by eq. (19)
we find from eqs. (24) and (27) that [1]
F sνσ[Q
′(x)]F νσs[Q′(x)] = F sνσ[Q(x)]F
νσs[Q(x)], [dψ¯′k][dψ
′
k] = [dψ¯k][dψk], [dQ
′] = [dQ],
[Bsf [Q
′(x)]2 = [∂σQsσ(x)]
2, det[
δBhf [Q
′]
δωc
] = det[
δ∂λQhλ
δωc
],
ψ¯′k(x)[i6 ∂ −mk + gT
s 6 Q′s(x)]ψ′k(x) = ψ¯k(x)[i6 ∂ −mk + gT
s 6 Qs(x)]ψk(x). (28)
Since changing the unprimed integration variables to primed integration variables does not
change the value of the integration we find from eq. (25)
< Ω|Ψ¯′(y)∇yT
aΨ′(y)a†H · aHΨ¯
′(z)T a∇zΨ
′(z)|Ω >A=
∫
[dQ′][dψ¯′1][dψ
′
1][dψ¯
′
2][dψ
′
2][dψ¯
′
3][dψ
′
3][dΨ¯
′][dΨ′]
×Ψ¯′(y)∇yT
aΨ′(y)a†H · aHΨ¯
′(z)T a∇zΨ
′(z) det[
δBhf [Q
′]
δωc
]exp[i
∫
d4x[−
1
4
F sνσ[Q
′(x)]F νσs[Q′(x)]
−
1
2α
[Bsf [Q
′(x)]2 + ψ¯′1(x)[i6 ∂ −m1 + gT
s 6 Q′s(x)]ψ′1(x) + ψ¯
′
2(x)[i6 ∂ −m2 + gT
s 6 Q′s(x)]ψ′2(x)
+ψ¯′3(x)[i6 ∂ −m3 + gT
s 6 Q′s(x)]ψ′3(x) + Ψ¯
′(x)[i6 ∂ −M + gT s 6 Q′s(x)]Ψ′(x)]]. (29)
From eqs. (24), (28) and (29) we find
< Ω|Ψ¯(y)Φ(y)∇yT
aΦ†(y)Ψ(y)a†H · aHΨ¯(z)Φ(z)T
a∇zΦ
†(z)Ψ(z)|Ω >A
=
∫
[dQ][dψ¯1][dψ1][dψ¯2][dψ2][dψ¯3][dψ3][dΨ¯][dΨ]
×Ψ¯(y)∇yT
aΨ(y)a†H · aHΨ¯(z)T
a∇zΨ(z) det[
δ∂λQhλ
δωc
] exp[i
∫
d4x[−
1
4
F sνσ[Q(x)]F
νσs[Q(x)]
−
1
2α
[∂σQsσ(x)]
2 + ψ¯1(x)[i6 ∂ −m1 + gT
s 6 Qs(x)]ψ1(x) + ψ¯2(x)[i6 ∂ −m2 + gT
s 6 Qs(x)]ψ2(x)
+ψ¯3(x)[i6 ∂ −m3 + gT
s 6 Qs(x)]ψ3(x) + Ψ¯(x)[i6 ∂ −M + gT
s 6 Qs(x)]Ψ(x)]]. (30)
From eqs. (17) and (30) we find
< Ω|Ψ¯(y)Φ(y)∇yT
aΦ†(y)Ψ(y)a†H · aHΨ¯(z)Φ(z)T
a∇zΦ
†(z)Ψ(z)|Ω >A
=< Ω|Ψ¯(y)∇yT
aΦ†(y)a†H · aHΨ¯(z)T
a∇zΨ(z)|Ω > (31)
which proves color octet NRQCD factorization of P-wave heavy quarkonium production at
all orders in coupling constant at high energy colliders.
9
IV. DEFINITION OF THE COLOR OCTET NRQCD NON-PERTURBATIVE
MATRIX ELEMENT OF P-WAVE HEAVY QUARKONIUM PRODUCTION
From eq. (31) we find that the gauge invariant definition of the color octet NRQCD
non-perturbative matrix element of P-wave heavy quarkonium production consistent with
the factorization of infrared divergence at all orders in coupling constant is given by
OH =< Ω|η
†(0)Φ(0)∇T aΦ†(0)ζ(0)a†H · aHζ
†(0)Φ(0)T a∇Φ†(0)η(0)|Ω > (32)
which reproduces eq. (4).
Note that since the right hand side of eq. (31) is independent of the light-like vector lµ
we find that the the gauge invariant definition of the color octet NRQCD non-perturbative
matrix element < Ω|η†(0)Φ(0)∇T aΦ†(0)ζ(0)a†H · aHζ
†(0)Φ(0)T a∇Φ†(0)η(0)|Ω > of P-wave
heavy quarkonium production consistent with the factorization of infrared divergence at all
orders in coupling constant in eq. (32) is independent of the light-like vector lµ used to
define the light-like gauge link Φ(x) in eq. (5).
It is useful to mention here that the heavy quarkonium is an useful probe to detect quark-
gluon plasma. Hence the understanding of the heavy quarkonium production mechanism at
RHIC and LHC heavy-ion colliders is necessary to study the quark-gluon plasma [18–22].
V. CONCLUSIONS
Recently we have proved color octet NRQCD factorization of S-wave heavy quarkonium
production at all orders in coupling constant at high energy colliders in [1]. In this paper we
have extended this to prove color octet NRQCD factorization of P-wave heavy quarkonium
production at all orders in coupling constant at high energy colliders. We have found that
while the color octet NRQCD S-wave non-perturbative matrix element contains two gauge-
links in the adjoint representation of SU(3), the color octet NRQCD P-wave non-perturbative
matrix element contains four gauge-links in the fundamental representation of SU(3).
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